Tutorial 4 (Questions)

Recall the Minimax Theorem. This existence theorem also gives a charac-
terization of the value of a game matrix and optimal strategies for the two
players. More precisely, given an m X n matrix A, we call a number v the
value of A, a probability vector p € P™ a maximin strategy for the row
player, and a probability vector ¢ € P" a minimax strategy for the column

player if

(i) pAy” > v for any y € P

(ii) zAg" < v for any x € P™.

(iii) pAgT = v.

We note condition (i) is equivalent to

(i)’ every element of the row vector pA is at least v,

and the condition (ii) is equivalent to

(i) every element of the column vector Aq” is at most v.

Exercise 1. Let A be an m x m matriz and B be an n X n matriz. Let M

be the (m +n) x (m + n) matriz given by

A O
O B

Let w be the value, p € P™ be a mazimin strategy for the row player and
q € P™ be a minimax strateqy for the column player of A. Let v be the
value, r € P"™ be a maximin strategy for the row player and s € P"™ be a

minimax strategy for the column player of B.

(i) Suppose u > 0 and v < 0. Find the value of M and optimal strategies

for the two players of the game with game matriz M.



(i) Suppose u > 0 and v > 0. Find the value of M in terms of u and v.
Find optimal strategies for the row player and the column player of M in

terms of u,v,p,q,T,Ss.

Solution. (i) Note that

A O
(p 0) =(pA 0),
O B
A O 0 0
O B sT BsT

Since u > 0 and p is an maximin strategy for the row player of A, we have
every element of the m + n dimensional row vector (pA,0) is at least 0.
Similarly, since v < 0, we have every element of the m + n dimensional

column (0, sBT)T is at most 0. Clearly,

( ) A O 0 0
p O = U
O B sT
Hence by the Minimax Theorem, the value of M equals 0, (p,0) is a max-

imin strategy for the row of player of M and (0, s) is a minimax strategy

for the column player of M.

(ii). In the case that u,v > 0, we start by assuming that for some A € [0, 1]
(to be determined), (Ap, (1 — A\)r) and (Aq, (1 — \)s) are optimal strategies

for the row player and the column player of M respectively.

Consider

(A 1A)AO =( A (1-=\NrB)
p (1-Nr OB—p(—)'r‘



By the definition of p and 7, we have each of the first m coordinates of
(APA, (1 — M)rB) is at least Au, and each of the last n coordinates of
(ApA, (1-A)rB) is at least (1—\)v. Since u,v > 0, by letting Au = (1—-\)v,

v XY Then we have each element of the vector

we have A\ = and \u =

u+v u+tv’
v T v T
A O u+vq — u+v Aq
u T U T
O B S pra +vBs
is at most “=. More over,
u+v
v T
(- ‘) A O prreel | :uv.
u+v u+v
O B u_ T uU-+v
u+v

Hence by the Minimax Theorem, we have the value of M is

uzj:)v’ (ULHJP’ u—iv’l")

s) is an optimal s-

is an optimal strategy for the row player and (% gy

u+v q, u+

trategy for the column player.

Exercise 2. Let

where A\ < g < -+ <\,
(i) Suppose A\ < 0 and A, > 0. Find the value of A.

(ii) Suppose A\ > 0. Solve the two-person zero-sum game with game matrix

A.

Solution. (i) Let £ > 1 be the smallest integer such that Ay < 0 and

Me+1 > 0. Set p,qg € P" by

p:<07 707pk:+17'” 7pn)7 q= (Qh"' )Qk707"' 70)



Then by the choice of k, we have

(a) pA=(0,--+,0,prr1 M1, "+, Pnn) has all elements > 0.
(b) Aq” = (1M1, , quAe, 0, -+ ,0)T has all elements < 0.
(c) pAg" =0.

Hence by the Minimax Theorem, the value of A equals 0.

(ii) Let v denote the value of A. Assume p = (p1,---,p,) is an optimal
strategy for the row player. Assume p; > 0 for 1 < k& < n. Then by the

principle of indifference, we have

A1
(pl pn) :<U U)a
An
which implies (since A\, > 0 for all k)
1
V=7 1o
YRR
and
1
Ak
pp=——"—5, fork=1,---n.
A_l _l’_ e _l’_ E
Assume q¢ = (g1, -+ ,qn) (g > 0 for all k) is an optimal strategy for the

column player, it is easy to see p = q. Clearly, for the above v, p and q,

the conclusion of the Maximin Theorem holds. Hence v, p, q are desired.

Exercise 3. Player I and Player II choose integers i and j respectively from
the set {1,---7}. Player I winns 1 dollar if |i — j| = 1, otherwise there is

no payoff. Find the game matriz and solve the game.



Solution. The game matrix is

01 000O0O0O
101 0000O0
0101000
A=1001 0100
0001O0T1PO0
000O01O0T1
000O0O0OT1O®O

By deleting dominated rows and columns, we obtain the reduced matrix

o o o =
N

SO = O O O

_ o O O 3

By the principle of indifference, it is easy to see the value of A is i, and

(0, }L, i, 0, }1, %, 0) is the only optimal strategy for the row player, (%, %L, 0,0,0, i, ;11)

is the only optimal strategy for the column player.



